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Abstract. Line groups are symmetry groups of polymers and quasi one-dimensional solids. 
The reduction coefficients for the Kronecker products of irreducible representations of 
these groups give selection rules for various physical processes in polymers, and they are 
tabulated here for all the line groups isogonal to D,, ( n  = 1, 2,. . .) point groups. The 
conservation laws for the corresponding quantum numbers (quasi-momentum, quasi- 
angular momentum and certain panties) are obtained. 

1. Introduction 

A knowledge of selection rules for various scattering processes in polymers and quasi 
one-dimensional solids facilitates the understanding of their electronic properties, 
which have attracted great attention recently (Seymour 1981, Miller 1982). The reduc- 
tion coefficients for the Kronecker products of the irreducible representations (reps) 
of the line groups, which describe the spatial symmetries of these physical systems, 
are thus needed. In the preceding two papers of the series (DamnjanoviC er a1 1983, 
1984, to be referred to as I and 11, respectively), such coefficients have been tabulated 
for the line groups isogonal to C,, C,,, Cnh, S2, and D,. Here we deal with the line 
groups isogonal to Dnd = C,, +UdCnv, n = 1, 2, .  . . , where C,, = C, +U$, and where 
C, is generated by C,, the rotation through 2 r / n  around the z axis; U, is the reflection 
in the xz plane, Ud =C2,U and U is the rotation through r around the x axis. The 
same method is utilised as in I and 11; the specific difficulties here are that the line 
groups under study are two-step extensions, and that the number of the reps to be 
considered is larger. This fact also made necessary a somewhat different organisation 
of the tables; for the same reason the short rep symbols are introduced (in 9 2). 

The line groups isogonal to Dnd are Ldm ( n  = 1,3 , .  . .), L(%)2m ( n  = 2,4, . . .), Ldc 
( n  = 1,3, . . .) and L(5)Zc (n  = 2,4, . . .). The first two families contain symmorphic 
line groups and the latter two contain non-symmorphic ones. For each family we give 
the character table to define the rep symbols and to specify the ranges of their quantum 
numbers; more details can be found in BoioviC and Vuji8iC (1981). Then for every 
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pair 0, D‘ of the reps we specify the irreducible components of the Kronecker product 
D x D’. The listing is triangular, since D x D ’ -  D’ x D. Each row is identified by a 
boldfaced rep symbol. 

2. Notation 

In this paper, certain frequently occuring expressions involving the quantum numbers 
k, k’, m and m’ are abbreviated as follows: 

m ’ -  m, if m - m’E [f(3 - n) ,  -13 
m - m’, if m - m’E [ l ,  i (n - 3)] 

u = q - m  V = {  

m + m’, 
n - m - m’, if m +m‘E [ t ( n  +I) ,  n - 13 

if m + m’ E [2, f ( n  - I)] 
w = (  

k + k‘, if k + k’E (0, v )  

= { 277 - k-  k‘, if k + k’E (v, 2 v )  
x = k - k‘, where k - k‘ E (0, v) ,  

2 = 7 T - k .  

Certain statements are abbreviated also by numbers or letters: 

(1) c) ( m - m ‘ # O a n d m + m ‘ Z O )  ( 2 )  cs ( m - m ’ = O a n d m + m ’ Z O ) ;  

in the case when n = 2q = 2 , 4 , 6 , .  . . 
( 3 )  c, ( m  - m ’ #  0 and m + m ’ =  q )  and (4 )  c) ( m  - m ’ =  0 and m + m’= q).  

Similarly, 
(a) c) (k-k’>Oandk+k’# . r r )  (b) t, ( k - k ’ = O a n d k + k ’ # v )  
(c) t, (k-k’>Oandk+k‘=.rr)  (d) c) (k-k’=Oandk+k’=. r r )  
(e) c, (k-k’>Oand k+k’<.rr)  (0 cs ( k - k ’ > O a n d k + k ‘ > v )  
(g) c) (k-k’=Oand k+k‘<.rr) (h) c) (k-k’=Oand k + k ’ > v )  

3. Results 

3.1. The symmorphic line groups Liim (n = 1,3,5, . . .) and L(%)Zm ( n  = 2 , 4 , 6 ,  . . .). 

Table 1. The characters of the reps of the line groups Lnm ( n  = 1, 3, 5 , .  . .) and L(%)Zm 
( n  = 2 ,  4, 6 , .  . .). Here s=O, I , .  . . , n -  I ;  t = O ,  * I , .  . . ; a = 2 ~ / n ;  the translation period 

is taken for the length unit so that k E (0, T ) ;  m takes on all integral values from the interval 
[ I ,  $(n - I)] and 9 = i n .  The four-dimensional reps appear only for n 3 3. In the first column 
the short rep symbols are defined. 

Rep ( C ;  I I) ( 0 ° C ;  Io  ( VdCi I - 0 ( U&“ c; I - 0 

(oAo*) = oA,’ 1 1 * I  * 1  
(oBo*)= 1 -1 * I  T l  
(oEm*) = o E c , - ,  2 cos(msa) 0 0 *z cos(m(s +f)a)  
(kEAo)= -LE4 2 cos(kr) 2 cos( kr) 0 0 
(kEBo) = -:EB, 2 cos(kr) -2 cos(kr) 0 0 
( k G m )  = -;G,,,-, 4 cos(msa) cos(kr)  0 0 0 
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Table 1. (confinued) 

(nAo*) = 4: ( - I ) !  ( - I l l  i ( - l ) l  * ( - I ) '  
( a B o i )  = ,Bo" ( - 1 ) '  - ( - l ) l  * ( - I ) '  T ( - l ) '  
(.rrEm*) = ,,E:,- 2( - 1 ) '  cos( msa) 0 0 *2( - 1 ) ' cos( m ( s  +&)a) 

and only for n = 2q = 2,4,6, .  . . 

= oEq 2(- 115 0 0 0 
(kEAq)= -LE:; 2(-l)' cos(kt) 2i(-I)' sin(kt) 0 0 
(kEB, )=  -LE:; 2(-1)scos(kr) -2i(-I)'sin(kt) 0 0 
(nEq)  = ,Eq 2(-1)*+~ 0 0 0 

Table 2. Decompositions of the Kronecker products of reps of Lfim ( n  odd) and L ( 5 ) 2 m  
( n  even). The rep symbols are defined in table I .  

(oAo+)x(oAo+) = (oAo+) 

(oAo-) X (OAoi) = (oAoT) 

(oBo+) x(oAo*) = (oBo*) (oBo+) X(oBo+) = (oAo+) 

(oBo-) X (oAo*) = (oBoF) (OBO-) X (OBOi)  = (OAOF) 
(oEm+)x(oAoi)=(oEm+) X(oBo+) = ( o E m * )  
(oEm+)  x(oEm'+) = ( 1 )  (oEo+) + ( o E w + )  (2)  (oAo+) +(oBo-) +(oEw+)  

(4) ( ~ A o + )   BO-) +(oEq)  (3) (OEU+) +(oEq)  
(oEm-)x(oAo*)=(oEm-) x ( o B o r ) = ( o E m ~ )  
(oEm-)  x(oEm'*)=( l )  (oEu+)  +(oEwr) (2) (oAor) +(oBo*) + ( o E w T )  

(4) (oAoT) +(oBo*) +(oEq) (3) ( O E m  +(oEq) 

(kEAo) x(oAo*)=(kEAo) (kEAo) x(oBo*)= (kEBo) (kEAo) x(oEm*)=(kGm) 
(kEAo) x(k'EAo) = (a) (xEAo) +(yEAo) (b) ( ~ A o + )  +(oAo-) +(yEAo) 

(d) (CIAO+) +(oAo-) + ( ~ A O + )  + ( ~ A O - )  (c) (xEAo)+(TAo+)+(TAo-) 

(kEBo)x(oAo*)= (kEBo) (kEBo)x(oBo*) =(kEAo) (kEBo)x(oEm*)=(kGm) 
(kEBo) x(k'EAo) = (a) (xEBo) +(yEBo) 

(kEBo)  x ( k ' E B o ) = ( a )  (xEAo) +(yEAo) 

(b) (oBo+) +(oBo-) +(yEBo) 
(d) (oBo+) +(oBo-) +(TBo+) +(TBo-)  
(b) (oAo+) +(oAo-) +(yEAo) 

(c) (xEBO) +(TBo+) +(TBo-)  

(c) (xEAo)+(TAo+)+(TAo-)  (d)  (oAo+)+(oAo-) +(TAo+) + ( ~ A O - )  

(kCm)x(oAo*) = ( k G m )  x(oBo*)=(kGm) 
( k G m )  x (oEm'*) = ( I )  (kGo)  + ( k G w )  

( k G m )  x (k'EAo) = (kGm) x ( k ' E B o )  = 

( 2 )  (kEAo) + (kEBo)  + ( k G w )  
(4) (kEAo) + (kEBo) + (kEAq) + (kEBq) ( 3 )  (kGu) +(kEAq)+(kEBq) 

(a) ( x G m )  + ( y G m )  (b) (oEm+)+(oEm-)+(yGm) 
(c) ( x G m )  +( .rrEm+) +( T E m - )  (d) (oEm+)  +(oEm-)  +( T E m + )  +( xEm-) 

( k G m )  x ( k ' G m ' ) = ( a l )  ( x G v )  + ( x G w ) + ( y G u ) + ( y G w )  
(a2) (xEAo) + ( x € E o ) + ( x G w ) + ( y € A o ) + ( y E B o )  + ( y G w )  
(a3) ( x G u )  +(xEAq) + ( x E B q )  +(YGu) +(yEAq) + ( y E B q )  
(a4) (xEAo) + ( x E B o )  +(xEAq) + ( x E B q )  +(yEAo) + ( y E B o )  +(yEAq) + ( y E B q )  
( b l )  (oEu+) +(oEu-) +(oEw+) + ( o € w - )  + ( ~ G u )  + ( ~ G w )  
(b2) (oAo+)+(oAO-)+(OBO+) + ( o B ~ - ) + ( o E w + )  +(oEw-)+(yEAo)+(yEBo)+(yGw) 
(b3) (~Eu+) +(~Eu-) +2(0Eq) +(yGo) +(yEAq) +(yEBq)  
(b4) (oAo+) +(oAo-) +(oBo+) +(oBo-) +2(0Eq) +(yEAO) +(yEBo) +(yEAq) +(yEBq)  
(cl) (xGu) +(xGw) +( TEu+)  +( T E U - )  +( TEW +) +( TEW-) 
( ~ 2 )  (xEAO) +(xEBO) +(xGw) +( PAo+) +( TAO-) +( TBo+) +( TBO-)  +( TEW +) +( TEW-) 
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Table 2. (continued) 

( ~ 3 )  (xGu)+(xEA~)+(xEB~)+(T€u+)+(T€u-)+~(~E~) 
( ~ 4 )  ( X E A ~ ) + ( X E B ~ ) + ( X E A ~ ) + ( X E B ~ ) + ( ~ A ~ + ) + ( ~ B O - ) + ( ~ A O - ) + ( ~ B O + ) + ~ ( ~ E ~ )  
(dl  ) (O€U+) +(oEu-) + (OEW +) + ( O E w - )  +( T E u + )  +(TED-)  +( TEW +) + ( ~ E w - )  
(d2) (OAO+)+(OAO-)+(OBO+)+(OBO-)+(OEW+)+(OEW-)+(~AO+)+(~CAO-) 

+  BO+) + ( P B o - )  +( TEW +) + ( ~ E W  -) 
(d3) (OEU +) +(oEu-) + 2(0Eq) + ( ~ E U + )  + ( ~ E u - )  + 2( “Eq)  
(d4) (OAO+) +(oAo-)+(oBo+)+(oBo-)+~(oE~)+(TAo+)+(~Bo-) 

+(nA~o-)+(nB0+)+2(aEq) 

( m A o + ) X ( o A o i ) = ( n A ~ * )  ( nAo+) X (OBoi)  = ( T B o i )  ( n A o + ) x ( o E m i ) = ( n E m + )  
(nAo+) X (kEAo) = ( rEAo) ( ~ A o + )  x(kEBo) = (rEBo) 
( ~ A o + )  x(nAo+)=(oAo+) 

( ~ A o - )  X (OAoi)  = ( n A 0 7 )  ( ~ A o - )  X ( O B O i )  = ( T B O F )  
(nAo-)X(kEAo)=(zEAo) ( ~ A o - )  x ( k € B o ) = ( r E B ~ )  (nAo-) x (kGm) = ( r G m )  

(aBo+) X (OAoi )  = (nBo+) ( n B o + ) x ( o B o i ) = ( n A o i )  
(nBo+) X (kEAo) = ( rEBo)  1 nBo+) X (kEBo)  = ( zEAo) 
( a B o + ) x ( n A o * ) = ( o B o i )  (nBo+) ~ ( n B o + ) = ( o A o + )  

 BO-) ~ ( o A o ~ )  = ( xBo+)  ( nBo-) x ( O B O i )  = (nA07) 
( P B o - )  x (kEAo) = ( zEBo) ( xBo-) X (kEB0)  = (zEA,) 

(nAo+) x (kGm)=(zGm) 

(nAo-) x (oEm*)=(nEmF)  

( ~ A O - )  x ( ~ A o * )  = (oAoT) 

(nBo+) x ( o E m i )  = ( n E m + )  
( x B o + )  x ( k G m )  = (zGm) 

(reo-) x(oEm*)  = ( n E m i )  
(nBo-)  x ( k G m ) = ( z G m )  

  BO-) X ( n A o i )  = ( o B o F )  

( m E m + ) x ( o A o i ) = ( n E m + )  x ( o B o r ) =  (nEm+) 
(aEm +) x (oEm’*) = ( 1 )  (nEu*) +( n E w i )  

( nEm +) = (kEAo) = (nEm +) x (kEBo) = (zGm) 
(nEm +) x (kGm’) = (1) (zGu) +(zGw)  

( 3 )  (zGu)+(zEAq)+(zEBq) 
(nEm+)x(aAo*)=(nEm+)x(nBoF)=(oEm*) 

 BO-) x ( ; B o i ) = ( o A o T )  

(2) ( n A o i )  +(nBoF)+(nEw*) 
(4) ( n A o i )  +(nBo+) + ( x E q )  

(2) (zEAo) +(rEBo) +(zGw)  
(4) (zEAo) +( rEAq)  +(zEAq) +(zEBq) 

(3) (TEVf) +(nEq)  

(nEm+) x (a€”+) = ( 1 )  ( o h + )  +(oEw +) (2) (OAO+)+(~BO-)+(OEW+) 
(4) (oAo+) +(oBo- )  +(oEq) (3) (oEu+)+(oEq) 

(mEm-)x(oAo+)=(nEm-)x(oBo~)=(nEm~) 
( n E m - )  x (oEm’* )  = ( I )  ( n E u r )  + ( ~ E w T )  

( n E m - )  x (kEAo) = ( n E m - )  x(kEBo) = (zGm) 
( n E m - )  x (kGm’)  = ( 1 )  (zGu) + ( r G w )  

( 3 )  (zGu) +( rEAq)+(zEBq)  
( n E m - )  x (nAo+)  = ( s E m - )  x ( n B o T )  = (oEm+) 
( n E m - )  x ( n E m ‘ * ) = ( l )  ( o E u ~ ) + ( o E w ~ )  

(2 )  ( n A o 7 ) + ( x B o i ) + ( n E w r )  
( 3 )  ( n E u F ) + ( n E q )  (4)  (?rAoF)+(aBo*) + ( n E q )  

(2) (zEAo) +(zEBo)  + ( z G w )  
( 4 )  ( zEAo) + ( zEBo)  + (zEAq) + (zEBq) 

( 2 )  (oAoT) + ( o B o i )  +(oEw+) 
(4) (oAoT)  + ( o B o i )  +(oEq) (3) (OEUT) +(oEq) 

and only for n = 2q = 2, 4, 6 , .  , . 

( o q ) x ( o A o * ) = ( o E q ) x ( o B o * ) = ( o E q )  (oEq)x(oEm*)=(oEu+)+(oEu-) 
(0 Eq x ( kEAo) = (0 Eq 1 x ( kEBo)  = ( kEAq ) + ( kEBq ) ( o  Eq ) x ( kGm ) = 2( kGu ) 

(oEq) x ( a E m i )  = (nEu +) + ( T E u - )  X(nAo*) = x (nBO*) = (n&) 
(OEq) X(OEq)=(oAo+) +(oAo-) +(oBo+)+(oBo-) 

(kEAq)x(oAo*)=(kEAq) (kEAq) x(oBo*)=(kEBq) (kEAq) x ( o E m i ) = ( k G u )  

(kEAq) x (k ’EAo)  = (a )  (xEAq)+(yEAq) (b) (oEq) + ( Y E 4 1  
(c) (XEAq) +(nEq)  ( 4  (0-Q) + (nEq)  

(kEAq) x(k ‘EBo) = (a) (xEBq) +(yEBq) (b) ( O W  +(YE&) 
(c) (xEBq) ( 4  ( o b )  + (pEq)  
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Table 2. (continued) 

(kEAq)  x (k ’Gm)=(a)  (xGU)+(yGu) (b)  (oEu+)+(oEu-)+(yGu) 
(c )  (XGU) + (7rEu +) + ( TrEu -) ( d )  (OEU +) + (OEU -) +( TEU +) + ( T ~ E U  -) 

(kEAq)x(TrAo*)=(zEBq) (kEAq)x(nBo*)=(zEAq)  ( kEAq)x (nEm*)=(zGu)  
(kEAq)  x (oEq) = (kEAo) + (kEBo) 
(kEAq)  X(k’EAq)=(a) (xEBo)+(yEAo) (b)  (oBo+) +(oBo-)  + ( ~ € A o )  

(c )  (xEBo) +(T~Ao+)+(PAo- )  ( d )  ( o B o + ) + ( o B o - ) + ( T ~ A o + ) + ( ~ A ~ - )  

(kEBq)x(oAo*)=(kEBq) ( kEBq)x (oBo i )=(kEAq)  (kEBq) x(oEm*)=(kGu) 
(kEBq) = (k’EAo) = ( a )  (xEBq) +(yEBq) 

(kEBq) x (k’EBo)=(a)  (xEAq)+(yEAq) 

(b) ( o b )  +(YE&) 
(4 (o&) +(m) 
(b) (oEq) +(YE&) 
(4 (oEq) + ( r E q )  

(c )  (xEBq) +(nEq)  

(c )  (xEAq)  +(nEq)  
(kEBq) x (k ’Gm)=(a)  (xGu)+(yGu)  (b )  ( o h + )  +(oEu-)+(yGu) 

( d )  (OEU +) + ( o € u - )  +( TEU +) +(nEu-)  (c )  (XGU) +( TrEu +) +( TrEu -) 
(kEBq) x (~rAo*)=(zEAq)  (kEBq) x (aBo*)=(zEBq)  (kEBq) x (nEm*)  = (zGu) 
(kEBq)x(oEq)=(kEAo)+(kEBo) 
(kEBq) x (k‘EAq)  = ( a )  (xEAo) +(yEBo) 

(kEBq) x (k’EBq)  = ( a )  (xEBo) +(yEAo) 

(b) (oAo+) +(oAo-) +(yEBo) 

(b )  (oBo+)+(oBo-)+(yEAo) 
( c )  (XEAO)+(TBO+)+(T~BO-)  ( d )  (oAo+)+ (oAo- )+ (T~Bo+)+ (~Bo- )  

( c )  (XEBO)+(~AO+)+(TAO-)  ( d )  (oBo+)+(oBo-)+(T~Ao+)+(T~Ao-)  

( d q )  x (oAo*) = (nEq)  x(oBo*) = (nEq)  
(nEq)  x (kEAo) = ( PEq) x (kEBo) = (rEAq) + (zEBq) 
(nEq)k (nAo*)  = (nEq)  x(~rBo*)  = (oEq) 

(nEq)  ~(kEAq)=(nEq)x(kEBq)=(rEAo)+(zEBo) 
(TrEq) X(TrEq) =(oAO+)+(OAO-)+(OBO+) +(oBo-) 

(nEq)  x(oEm*) = ( r E u  +) +(&U-) 

(nEq)  x (nEm*)  = (oEu+) +(oEu- )  
( nEq)  x (kGm ) = 2( zGu) 

(“Eq) X(OEq) = ( ~ A O + )  +( TAO-) +(xBO+)  +( TBo-)  

3.2. The non-symmorphic line groups Llc  ( n  = 1,3, 5 ,  . . .) and L@)Zc ( n  = 2,4,6,  . . .). 

Table 3. The characters o f  the reps o f  the line groups L l c  ( n  = 1 ,  3, 5 , .  . .) and L(5)2c 
( n  = 2 ,  4, 6, .  . .). For s, 1, a ,  k, m and q see the caption o f  table I .  

Rep ( C i  I t )  ( U ” G  I t +f)  (U’&; I - t )  (U,u,C’,l-t -i) 
(oAo*) =,A,’ 
(oBo*) = 
(oEm*) = , E : , - ,  
(kEAo) = -LEAo 
(kEBo) = -:Es, 
( kGm)  = -:G,,,-,, 
(77.50) = ,E, 
(TrEm*)= ,$?z,-m 

I 
I 
2 cos(msa) 
2 cos(kt) 
2 cos( kr) 
4 cos(kt) cos(msa) 
2(-I)Z 
2( - l ) ’  cos(msa) 

and only for n = 2q = 2,4,6,  

1 * I  
- I  * 1  

0 0 
0 

0 0 
0 0 
0 Q 

2 cos( k( t + 4)) 
-2 cos(k(t +f)) 0 

0 0 
2i(-l)’sin(k(t+$)) 0 

-2i(-l)’sin(k(t+f))  0 
i ( - I ) ‘ + ‘  * ( - I ) , + ,  

- i ( - I ) s + l  * ( - l ) X + ‘ )  

* I  
+ I  
*2 cos(m(s ++)a) 

0 
0 
0 
0 

~ 2 i ( - 1 ) ‘  sin(m(s +$)a) 

0 
0 
0 

i i ( -  I ) ‘+ ‘  
Ti(- I)’+‘ 
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Table 4. Decompositions of the Kronecker products of reps of Llic ( n  odd) and L(%)2c 
(n even). The rep symbols are defined in table 3. 

(oAo+) x(oAo+) = (oAo+) 

(oAo-) X (oAo*) = (oAoT) 

(oBo+) x(oAo*) = (oBo*) 

(oBo-) x (oAo*) = (oBoT) 

(oBo+) X(OBO+) = (oAo+) 

 BO-) x(oBo*) = (oAoF) 

(oEm+) x (oAo*) = (oEm +) ~ ( o B o T )  = (oEm*) 
(oEm+)  x (oEm‘+)=( l )  ( o E u + ) + ( o E w + )  (2) (oAo+)  BO-) +(oEw+) 

(4) (oAo+) +(oBo-) + ( o E q )  (3) (oEu+) + ( o m )  
(oEm-) x(oAo*) = (oEm-)  X(oBoT) = (oEmT)  
( o E m - )  x(oEm’*)=(l)  ( o E u T ) + ( o E w F )  (2) (oAoT)  +(oBo*) + ( o E w T )  

(4) (oAoT) +(oBo*) +(oEq)  (3) (OEUT) +(oEq) 
(kEAo)x(oAo*)= (kEAo) (kEAo) x(oBo*)=(kEBo) (kEAo) x (oEm*)=(kGm) 
(kEAo) x (k’EAo)=(e)  (xEAo)+(yEAo) (0 (xEAo) +(YEBO) 

(g) (oAo+) +(oAo-) +(yEAo) 
(c) (xEAo) + ( a E o )  

(h) (oAo+) +(oAo-) +(yEBo) 
(d) (oAo+) +(oAo-)  EO) 

(kEBo)x(oAo*)=(kEBo) (kEBo)x(oBo*)=(kEAo) (kEBo) x (oEm*)=(kGm) 
(kEBo) x(k’EAo) = (e) ( x E B o )  +(yEBo) (9 ( x E W  +(yEAo) 

(9) ( o h + )  +(OBO-) +(yEBo) 
(c) (XEBO) +(7rEO) (d) (oBo+) +(oBo-)  E EO) 

(g) (oAo+) +(oAo-)  +(yEAo) 
( C) ( xEAo) + ( a E o )  (d) (oAo+)+(oAo-)+(aEo) 

(h) (oBo+) +(oBo-) +(yEAo) 

(kEBo) x (k’EBo) = (e)  ( xEAo) + (yEAo) ( f )  (xEAo) +(yEBo)  
(h) (oAo+) +(oAo-) +(yEBo)  

(kGm)x(oAo*)  = ( k G m )  x(oBo*) = ( k G m )  
( k G m )  x (oEm’*)=( l )  ( kGu)+(kGw)  

( kGm)  x(k‘EAo)=(kGm) x(k’EBo)= 

(2) (kEAo) + (kEBo) + ( kGw)  
(4) (kEAo) + (kEBo) + (kEAq)  + (kEBq) (3) (kGu)  + (kEAq)  + (kEBq) 

(1) ( x G m ) x ( y G m )  (2) (oEm+)+(oEm-)+(yGm) 
( 3 )  ( x G m )  +(a& +) + ( a E m - )  (4) (0 Em +) +(oEm -) + ( a E m  +) + (nEm -) 

( kGm)  x(k’Gm’) = 
( a l )  (xGu) +(xGw)  +(yGu) +(yGw) 
(a2) (xEAo)+(xEBo) + ( x G w )  +(yEAo)+(yEBo) +(yGw) 
(a3) ( x a )  +(xEAq) +(xEBq)  +(yGu)  + ( Y E 4 1  +(YE&) 
(a4) (xEAo) +(xEBo)  +(xEAq) +(xEBq) +(yEAo) +(yEBo) +(yEAq) +(YE&) 
(bl)  ( o h + )  +(oE~-)+(oEw+)+(oEw-)+(yG~)+(yGw) 
(b2) (oAo+) +(oAo-)+(oBo+) +(oBo-) +(oEw+)+(oEw-)+(yEA~) +(yEBo) + ( y G w )  
(b3) ( ~ E u + ) + ( o E u - )  +2(0Eq) + ( ~ G u )  +(yEAq)+(yEBq) 
(b4) (oAo+) +(oAO-)+(OSO+)+(OBO-) +2(0Eq)+(yEA0) +(yEBo) +(yEAq) +(yEBq)  
(C I )  (xGu) + (xGw) + ( ~ E u  +) +( TEu- )  + ( ~ E w  +) + ( TEW-) 
( ~ 2 )  ( x E A o ) + ( x E B o ) + ( x G w ) + ~ ( ~ E ~ ) + ( T E w + ) + ( T E w - )  
(C3) (xGU) +(XEAq) +(XEBq) +(ah+) +( TEu- )  +( aAq+) +( TAq-) + ( W B q  +) +( aBq-)  
(d) (XEAO) +(xEBO) +(xEAq)+(xEBq)+2(PEO) +(aAq+)  + ( r A q - )  + ( a B q + )  +(a&-) 
(d I )  (oEu+) +(oEu-)  + (OEW +) +(oEw-)  + ( ~ E u + )  + ( ~ E u - )  + ( ~ E w  +) +(TEw-) 
(d2) (OAO+)+(OAO-)+(OBO+)+(OBO-)+(OEW+)+(OEW-)+~(~EO)+(~EW+)+(~EW-) 
(d3) (OEU +) +(OEU-) + 2(OEq) + ( TEU +) +( *Eo- )  +( WAq +) + ( r A q  -) + ( VBq +) + ( a&-) 
(d4) (OAo+) +(oAO-) + ( O h + )  +(OBO-) + 2(OEq +) +2( TEO) +( WAq +) +( WAq-) +( a&+) +( a&-) 

 EO) X(OAO*) = ( TEO) x (oBo*) = (  EO) 
(aEo)x(kEAo)=(aEo)x(kEBo)=(zEAo)+(zEBo) ( a E o ) x ( k G m ) =  2(zGm) 

(aEm+) x(oAo*) = ( a E m + )  X(oBoF) = ( a E m * )  

(  EO) x (oEm*) = ( a E m  +) +( a E m - )  

(TEO) X(ndO) = (oAo+) +(OAo-) +(oBo+) +(oBo-) 

( a E m + )  x(oEm’*) = ( I )  (aEo+) + ( r E w * )  ( 2 )  ( T E O ) + ( W E W * )  
( 3 )  (aEo*) +( aAq*) + ( r B q * )  (4) ( a E o )  + ( r A q T )  + (a&*) 



Selection rules for polymers : I I I .  2605 

Table 4. (continued) 

(nEm +) X (kEAo)  = ( T E m  +) x (kEBo) = ( z G w  j 
( n E m  +) x ( k G m ’ )  = (1) ( z G u )  +(zGw) 

( T E m  +) X ( ~ € 0 )  = (oEm +) +(oEm-) 
( a E m + )  x ( a E m ’ + )  = (1) (oEu-)  +(oEw+) 

( 2 )  ( zEAo)  +(zEBo)  + ( z G w )  
( 3 )  ( zGu)+(zEAq)+(zEBq)  (4) ( zEAo)+(zEBo)+(zEAq)  +(zEBq)  

( 2 )  (oAo-) +(oBo+)+(oEw+) 
(4) (oAo-)  +(oBo+) +(oEq)  

(2) ( n E o ) + ( n E w F )  

(3) (oEu-)+(oEq) 

( n E m - )  X(oAo*) = (nEm-)  x ( o B o 7 )  = ( a E m F )  
(nEm -) x (oEm‘*) = (1) ( ~ E I J F )  +( ~ E w F )  

( 3 )  ( n E u 7 )  + ( n A q r  j + ( nBq * ) (4 )  ( ~ € 0 )  + ( n A q * )  + ( 7rBqT) 

(2) (zEAo) +(zEBo)  +(zGw)  
(4) (zEAo) +(zEBo)  + ( z E A q )  +(zEBq) 

( 2 )  (oAo*)+(oBoT) + ( o € w F )  
(4) (oAo*) +(oBoT)  +(oEq) 

( n E m - )  x(kEAo)=(nEm-)x(kEBo)=(zGm) 
( n E m - ) x ( k G m ’ ) = ( l )  ( z G u ) + ( z G w )  

( n E m - )  x ( n E o )  = (oEm +) +(oEm-) 
(nEm-)  x ( n E m ’ i )  = ( I )  (oEu*) + ( o E w s )  

( 3 )  ( z G u )  + ( z E A q )  +(zEBq)  

( 3 )  (oEv*) +(oEq)  

and only for n = 2q = 2 ,  4, 6 ,  

( o E q ) x ( o A o r ) = ( o E q )  x ( o B o i ) = ( o E q )  (oEq)  x ( o E m i ) = ( o E u + ) + ( o E u - )  
( o E q ) x ( k E A o ) = ( o E q )  x ( k E B o ) = ( k E A q ) + ( k E B q )  (oEq)  x ( k G m ) = Z ( k G u )  
(oEq) x ( x E o )  = ( n A q + )  +( n A q - )  +( nBq +) +( n B q - )  

( k E A q ) x ( o A o i ) = ( k E A q j  ( k E A q ) x ( o B o * ) = ( k E B q )  ( k E A q ) x ( o E m i ) = ( k G u )  

(oEq) x ( n E m i )  = ( n E u  +) + ( v E u - )  
(OEq) x ( o E q )  = (oAo+) + ( o A o - )  +(oBo+)  BO-) 

( k E A q )  x ( k ’ E A o )  = (a)  ( x E A q )  + ( y E A q )  (b) + ( y E A q )  

( k E A q )  x ( k ’ E B o ) = ( a )  (xEBq)+(yEBq)  (b) (of%) +(yEBq)  
(c) ( x E A q ) + ( n A q + ) + ( n A q - )  (4 ( o E q ) + ( n A q + ) + ( n A q - )  

(C) ( x E B q ) + ( n B q + ) + ( a B q - )  (4  (oEq)+(nBq+)+(nBq-)  
( k E A q )  x ( k ’ G m ) =  ( a )  ( x G u )  + ( y G u )  (b) (oEu+)+(oEu-)+(yGu) 

(d)  ( o € u + )  + ( o E u - )  + ( ~ E u  +) + ( ~ E u - )  (c) ( x G u ) + ( n E u + ) + ( n E u - )  
( k E A 9 )  x ( n E o ) = ( z E A q ) + ( z E B q )  ( k E A q )  x ( n E m * ) = ( z G u )  
( k E A 9 )  x (oEq)  = (kEAo)  + ( k E B o )  
( k E A q )  x ( k ’ E A q )  = ( e )  (xEBo)  +(yEAo) (0 (xEBo) +(yEBo)  

( 9 )  (oBo+) +(oBo-)  +(yEAo)  
(c) ( x E B o )  + ( n E o )  ( d )  (OBO+)+(OEO-)+(TEO) 

(h) (oBo+) + ( o B o - )  +(yEBo) 

( k E B q ) x ( o A o * ) = ( k E B q )  ( k E B q ) x ( o B o * ) = ( k E A q )  ( k E B q ) x ( o E m * ) = ( k G h )  
( k E B 9 )  x ( k ’ E A o )  = ( a )  iwEBq) +(yEBq)  

( k E B 9 )  x ( k ’ E B o ) = ( a )  ( x E A q ) + ( y E A q )  

(b) (oEq)  + ( Y W )  
(4  (oEq)+(nBq+)  + ( n B q - )  
(b) (oEq) + ( Y E 4 1  
(4 ( o b )  + ( n A q + )  + ( n A q - )  
( b )  (oEu+) +(o€u-) + ( y G U )  
( d )  (OEU +) + (OEU +) + ( TEU -) + ( TEU -) 

(C) (YEBq) +(Peg+) + ( n B q - )  

(C) ( x E A q ) + ( n A q + )  + ( n A q - )  
( k E B q ) x ( k ’ G m j = ( a )  ( x G u ) + ( y G u )  

( C j  ( ~ G u ) + ( n E u + ) + ( n E u - )  

(kEBq)x(aEo)=(zEAq)+(zEBq) ( k E B q ) x ( n E m * ) = ( z G u )  

( k E B q )  x ( o E q ) = ( k E A o j + ( k E B o )  
( k E B q )  x ( k ’ E A q )  = ( e )  ( x E A o )  + ( y E A o )  ( f )  ( x E A o ) + ( y E A o )  

(9) (oAo+) +(oAo-) + ( ~ € B O )  
(c) ( x E A o ) + ( n E o )  ( d )  (oAo+)+(oAo-) +(T€o) 

( h )  (oAO+)+(oAo-)+(yEAo) 

( k E B q )  X ( k ’ E B q )  = ( e )  (xEBo)  +(yEAo) (0 (xEBo)  +WBo) 
(g) (oBO+) +(oBo-)  + ( ~ € A o )  
(c) ( x E B o ) + ( a E o )  

(h )  ( o B o + ) + ( o B o - ) + ( ~ E B o )  
( d )  (oBo+)  +(oBo-)  EO) 

(nAq+) X(oAo*)=(nAq*)  
( v A q  +) x ( k E A o )  = ( z E A q )  
( n A q + ) x ( n E ~ ) = ( o E q )  
( n A q + )  x ( k E A q )  = (zEBo) 

( T A q  +) X (oBo*) = (reg*) 
( n A q  +) X (kEBo) = ( z E B q )  
( n A q + )  x ( n E m + )  = (oEu*) 
( n A q  +) x ( k E B q )  = ( zEAo) 

( n A q  +) x (oEm*) = ( a E u F )  
( n A q + )  x ( k G m ) = ( z G u )  
( T A q  +) x (oEq) = ( d o )  
( n A q  +) X ( n A q  +) = (oBo+) 
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Table 4. (continued) 

(PAq- )x (oAo i )= (aAqT)  (nAq- )  X(OB0.t) = (7rBq-F) (nAq- )  x(o€m.t)  = ( n E u * )  
( xAq  -) X (kEA0) = (zEAq) 
(nAq- )  X  EO) = (OEq) 

(mBq+)x(oAo*) = ( n B q i )  (nBq+) x (oBo*)=(xAq*)  (nBq +) x (oEm*) = (nEui )  
( nBq +) X (kEAo) = (zEBq) 
(nBq+) x (nEo)=(oEq)  
( nBq +) X (kEAq) = (zEAo) 
(nBq+) x(nBq+)=(oBo+) 

( m B q - )  x ( o A o i ) = ( ~ B q T )  (nBq-) x ( ~ B o * ) = ( n A q T )  (nBq- )  x (oEm*) = ( n E u + )  
( nBq -) X (kEAo) = ( zEBq) 
(nBq- )  x (aE0)  = (OEq) 

(nAq- )  X(kEB0) = ( tEBq) 
(nAq- )  X (nEm*)  = ( o E u F )  

( nAq -) x ( k G m )  = ( z G u )  
(nAq- )  x (oEq) = ( n E o )  

(nAq- )  x(k€Aq)=(zEBo) (nAq- )  x(kEBq)=(zEAo) (”Aq-)  x (nAq*)  = ( o B o F )  

(nBq+)x(kEBo)=(zEAq)  (nBq+) x ( k G m )  = (tGu) 
(nBq+) x (nEmi)  = ( o E u F )  

(nBq +) X ( k E B q )  = ( zEBo)  
(nBq+) x (oEq) = ( n E o )  
(nBq+)x(nAq*)=(oAo+)  

(nBq-) x(kEBo)=(zEAq) (nBq- )  x (kGm)=(zGu)  
(nBq-) x ( n E m r )  = (oEu *) (nBq -) x (oEq) = ( a E o )  

( nBq -) X (kEAq) = ( zEAo) 
(nBq- )  X (a&*) = (oBoT)  

( nBq -) X ( kEBq) = ( zEBo) ( ~ B ~ - ) X ( ~ A ~ * ) = ( O A O F )  

4. Discussion 

In the presence of Ln symmetry, the quasi-momentum hk and the quasi-angular 
momentum hm are conserved in scattering processes. Each of the line groups con- 
sidered in this paper contains a subgroup of the form Ln, and thus the above conserva- 
tion laws remain valid. The additional symmetry elements are (m>, I O )  or (m,, I I), which 
reverse the quasi-angular momentum, and ( U, IO)  which reverses both momenta. Hence 
energy eigenvalues are fourfold-degenerate, unless k % - k (where ‘ P ’ means 
‘equivalent’, i.e. ‘equal mod 27r’) and/or m P - m  (where ‘P’ means ‘equal mod n ’ ) .  

Let I$), V and 14) belong to four-dimensional reps ( k G m ) ,  (k ’Gm‘)  and ( K G ~ ) ,  
respectively. Then the matrix element (41 VI$) must vanish unless K P k + k’, k - k’,  
- k  + k’ or - k  - k’, and p P m i- m‘, m - m’, - m  + m’ or - m  - m’.  In the special cases 
described above some of these values may coincide and then some two-dimensional 
or even one-dimensional reps are involved. On the other hand, these lower-dimensional 
reps possess additional quantum numbers, namely parities with respect to some 
involutions. When such an involution belongs to the line group under study, the 
corresponding parity is a good quantum number and therefore it has to be conserved 
too. Thus the parity with respect to ( mv IO)  is conserved in the symmorphic line groups 
Lrim and L ( 5 ) 2 m ,  while the parity with respect to (U, IO)  is conserved in all the line 
groups considered in this paper. (Notice, however, that the f rep label does not always 
coincide with the latter parity, Boiovik and VujiEik 1981.) 

In tables 3 and 4 some reduction coefficients are equal to two; in those (rare) cases 
the corresponding Clebsch-Gordan coefficients are not uniquely defined. 
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